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1. INTRODUCTION
 . nLet p be a prime and G the symplectic group Sp 4, q where q s p .
The decomposition numbers of G in characteristics other than p are
w xalmost determined by White 5, 6 . But in case the characteristic divides
q q 1, one position in the decomposition matrix of the principal block
remains as a variable. We will determine this variable a under some
conditions. All calculations of the scalar products in Section 6 are done by
w x``Mathematica'' 3 .
2. NOTATION
An odd prime r which divides q q 1 is fixed in this paper. Thus there
are numbers d and s such that q q 1 s r ds and s is not divisible by r. Let
4 .2 .P be the parabolic subgroup of G. The order of P is q q y 1 q q 1 .
w xThe subgroup H of G which is denoted by K in Srinivasan 2 is
 .  . 2 2 .2isomorphic to SL 2, q = SL 2, q . The order of H is q q y 1 . We can
see the fusion map between G and H in Table III. We use the same
w xnotation of White 5, 6 for the ordinary characters of G. The irreducible
w xordinary characters of P can be found in Enomoto 1 . The ordinary
w xcharacters and conjugacy classes of G are given in Srinivasan 2 and
w xEnomoto 1 . The group C denotes the cyclic group of order n.n
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3. A RESULT OF WHITE
 w x.THEOREM 3.1 White 5, 6 . The decomposition matrix for the principal
r-block is as follows. The unknown entry a is an integer satisfying 1 F a F
 .  .q y 1 r2 or qr2 if p s 2 .
Degrees Chars. No. of chars.
 .1 1 x 1 1G 1
2 .  .q q y 1 r2 u x 1 110 5
2 .  .q q q 1 r2 u x 1 1 111 3
2 .  .q q q 1 r2 u x 1 1 112 4
4  .q u x 1 a 1 1 1 113 6
2 2 d d . .  .  . .q q 1 q y 1 x x a y 2 1 r y 1 r y 3 r84 19
2 d . .  .  .q q 1 q y 1 x x 1 1 r y 1 r26 9
2 d . .  .  .q q q 1 q y 1 x x a y 1 1 1 r y 1 r27 10
2 d . .  .  .q q 1 q y 1 j x 1 1 r y 1 r21 13
X2 d . .  .  .q q q 1 q y 1 j x a y 1 1 1 r y 1 r21 14
The parentheses in the table mean the name of characters in case p s 2.
4. A MAIN RESULT
THEOREM 4.1. In Theorem 3.1, we ha¨e the following.
 .  d .i If p is e¨en than a F r y 1 r2.
 .  d .2  d .ii If p is odd then a F r y 1 r r q 1 .
COROLLARY 4.1. From Theorem 4.1, we can determine the ¨alue of a in
the two special cases.
 .  .i If a 3-Sylow subgroup of Sp 4, q is isomorphic to the elementary
abelian group of order 32, then a s 1 for r s 3.
 .  .ii If a 5-Sylow subgroup of Sp 4, q is isomorphic to the elementary
abelian group of order 52, then a s 2 for r s 5.
Proof. It is easy to check that an r-Sylow subgroup of G is isomorphic
to C d = C d. Thus the assumption means r d is 3 or 5. From Theorem 4.1,r r
d d  .a F 1 if r s 3. Since a G 1, a must be 1. If r s 5, Theorem 4.1 i shows
 . da F 2 and Theorem 4.1 ii shows a F 8r3. In case r is bigger than 3,
a G 2. Thus corollary is proved.
 .Remark 4.1. If either r / 3 or d / 1, then d G 2. Thus Theorem 4.1 i
is the only case that a s 1.
 .DECOMPOSITION NUMBERS OF Sp 4, q 107
 .5. PROOF OF THEOREM 4.1 i
We fix the prime p s 2 in this section. Since an r-Sylow subgroup of P
is a cycle of order r d, it's easy to determine the r-decomposition matrix of
 .P. We can check the next two lemmas from the character table of Sp 4, q
w xin Enomoto 1 .
 .  .  .LEMMA 5.1. There are irreducible characters u 0 , u 1 , x k of P which3 3 6
 d . .make an r-block of P where k s s, 2 s, . . . , r y 1 r2 s. Moreo¨er there are
2 irreducible Brauer characters w and w and the decomposition matrix of1 2
this block is as follows.
Degrees Chars. w w1 2
2 .  .q q y 1 r2 u 0 13
2 .  .q q y 1 r2 u 1 13
2 .  .q q y 1 x s 1 16. . . .. . . .. . . .
dr y 1
2 .q q y 1 x s 1 16  /2
LEMMA 5.2. The restriction of the character x of G to P is equal to the5
 .character u 1 of P.3
 .Proof of Theorem 4.1 i . From Table I
21 q q y 1 q .
4 3u 1 , x s = q y = q q y 1 = q y 1 = q .  .  . .3 6 x P  /< <P 2 2
s 0
1 2 4 3x k , x s q q y 1 = q y q q y 1 = q y 1 .  .  .  . .6 6 x P < < P
qr2
=q b i k / /is1
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qr21 i qq1yi2 25 4 k ks q q y 1 y q q y 1 j q j .  .  .  . /< <  /P is1
q1 i2 25 4 ks q q y 1 y q q y 1 j .  .  . / /< <P is1
1 2 25 4s q q y 1 q q q y 1 .  . .< <P
s 1
k  d . .since j / 1 for each k s 2, 2 s, . . . , r y 1 r2 s. These scalar products
show that the multiplicity of w in the restricted character x as a Brauer2 6
 d .character is r y 1 r2 from Lemma 5.1. By the way, the number a is the
 .multiplicity of x in x as a Brauer character. Thus Theorem 4.1 i follows5 6
from Lemma 5.2.
 .6. PROOF OF THEOREM 4.1 ii
 .  .We fix an odd prime p. Let H s H = H ( SL 2, q = SL 2, q . Wea b
Ä .can find the character table of SL 2, q in Table II. There is an r-block b1
 .in SL 2, q such that this block has the following decomposition matrix,
Degrees Chars. w w No. of chars.1 2
 .q y 1 r2 x 1 1Ä5
 .q y 1 r2 x 1 1Ä6
dr y 1
 .q y 1 x k 1 1Ä8 2
  d . . 4where k g I [ sr2, sr2 q s, . . . , sr2 q r y 3 r2 s .
There is an r-block b which is constructed by the irreducible characters1
of H
x , x , x k , x , x , x k , .  . 5, 5. 5 , 6. 5 , 8. 6 , 5. 6 , 6. 6 , 8.
x k , x k , x k , l , .  .  . 48, 5. 8 , 6. 8 , 8.
 .  .where x s x h x h for each h g H and h g H and k, l g I.Ä Ä i, j. i a j b a a b b
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TABLE III
The Fusion Map between G and H in Case q Is Odd
I Z P P P Z P Z C D1 2 1 2 k l
 .  .I A D A A D D C k C l1 1 21 22 21 22 3 1
X X X X X .  .Z D A D D A A C k C l1 1 23 24 21 22 3 1
 .  .P A D A A D D C k C l1 21 23 31 32 31 32 41 21
 .  .P A D A A D D C k C l2 22 24 32 31 33 34 42 22
X X X X X .  .P Z D A D D A A C k C l1 21 21 31 33 31 32 41 21
X X X X X .  .P Z D A D D A A C k C l2 22 22 32 34 32 31 42 22
X X X .  .  .  .  .  .  .  .C C i C i C i C i C i C i B i, k B i, li 3 3 41 42 41 42 3 5
X X X .  .  .  .  .  .  .  .D C j C j C j C j C j C j B k, j B j, lj 1 1 21 22 21 22 5 4
Note. These entires of the table are names of the conjugacy classes of G
 .  .  .in case q ' 1 mod 4. Note that B i, i means B i and B j, j means3 8 4
 . X XB j . We should exchange A to A and A to A in case q ' 36 31 32 31 32
mod 4.
LEMMA 6.1.
x , u s 1 .5, 6. 10 x H
x k , u s 0 . .5, 8. 10 x H
x k , u s 0 . .8, 6. 10 x H
1, k s l
x k , l , u s . .8, 8. 10 x H  0, k / l
x , u s 0 .5, 6. 11x H
x k , u s 0 . .5, 8. 11x H
x k , u s 0 . .8, 6. 11x H
1, k s l
x k , l , u s . .8, 8. 11x H  0, k / l
x , u s 0 .5, 6. 12 x H
x k , u s 0 . .5, 8. 12 x H
x k , u s 0 . .8, 6. 12 x H
x k , l , u s 0 . .8, 8. 12 x H
x , u s 1 .5, 6. 13x H
x k , u s 1 . .5, 8. 13x H
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x k , u s 1 . .8, 6. 13x H
1, k s l
x k , l , u s . .8, 8. 13x H  2, k / l ,
where k, l g I.
 .Proof of Theorem 4.1 ii . It is easy to define the decomposition matrix
Äof b by b . From the above lemma, the multiplicities of the Brauer1 1
character w [ x of H in u , u , u , and u are1, 2. 5, 6. 10 x H 11x H 12 x H 13x H
 d .  d . d d .r q 1 r2, r y 1 r2, 0, and r r y 1 r2, respectively. Thus we can get
d d d d .  . .  .r r y 1 r2 G a r q 1 r2 q r y 1 r2.
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